arXiv:1509.07932vl [math.AT] 26 Sep 2015 


The stable homotopy classification of 
(n — l)-connected (n + 4)-dimensional polyhedra 
with 2 torsion free homology 

Jian Zhong PAN and Zhong Jian ZHU 


Abstract In this paper, we study the stable homotopy types of F^^ 2 )'Polyredra, i.e., 
(n — l)-connected, at most (re + 4)-dimensional polyhedra with 2-torsion free homologies. 
We are able to classify the indecomposable F^^ 2 )"Polyhedra. The proof relies on the matrix 
problem technique which was developed in the classification of representaions of algebras 
and applied to homotopy theory by Baues and Drozd, 
keywords Homotopy; indecomposable; matrix problem 


1 Introduction 

Let the A^ (re > /c +1) be the subcategories of the stable homotopy category consisting 
of (re — l)-connected polyhedra with dimension at most n + k. It is a fully additive category 
if we consider the wedge of two polyhedra as the coproduct of two objects in the category 
A^. The classification problem of A^(re > /c-|-l) is to find a complete list of indecomposable 
isomorphic classes, i.e. the indecomposable homotopy types in A^(re > A: + 1). For fc < 3, 
all indecomposable stable homotopy types have been described in [3]. For k > 4, Drozd 
shows the classification problem is wild (in the sense similar to that in representation 
of finite dimensional algebras) in [8] by finding a wild subcategory of A^(re > 5) whose 
objects are polyhedra with 2-torsion homologies. 

In another direction, Baues and Drozd also consider full subcategory FJ( of Aj((re > 
A;-|-l) consisting of polyhedra with torsion free homology groups. For k < 5, such polyhedra 
have been classified to have finite indecomposable homotopy types in m, m or 0, m- 
For k = Q, Drozd got tame type classification of congruence classes of homotopy types, 
and proved that, for k > 6, this problem is wild in [7]. 

This is the second of a series of papers devoted to the homotopy theory of A^- 
polyhedron. In our previous paper [TO], we noticed that, for (re — l)-connected and at 
most {n + A:)-dimensional {k < 7) spaces with 2 and 3-torsion free homologies, the classifi¬ 
cation of indecomposable stable homotopy types essentially reduces to that of spaces with 
torsion free homologies. When homologies of the spaces involved have 3-torsion, the re¬ 
duction process doesn’t lead to the matrix problem for spaces with torsion free homologies 
but to a matrix problem which can be solved. By this we are able to classify homotopy 
types of the full subcategory F^j^ 2 ) of -^n(^ ^ 5) consisting of polyhedra with 2-torsion 


1 


free homology groups. We will discuss the splitting of smash product of A^-polyhedra in 
a latter publication. 

Section 2 contains some basic notations and facts about stable homotopy category and 
classification problem. Our main theorem is given at the end of this section. In Section 
3, Theorem 13.21 and Corollary 13.31 establish a connection between bimodule categories and 
stable homotopy categories. In Section 4, we use the known results of indecomposable 
homotopy types of in [T] to classify the indecomposable isomorphic classes of another 
matrix problem corresponding to F^. In Section 5, the matrix problem ,Q') 

used to classify the indecomposable homotopy types of F^^ 2 ) is given. In Section 6, we 
solve the matrix problem ,Q') by the results of indecomposable isomorphic classes of 
matrix problem 

2 Preliminaries 

In this paper “Polyhedron” is used as “finite CW-complex” and “Space” means a 
based space; we denote by *x (or by * if there is no ambiguity) the based point of 
the space X. Denote by Hot{X,Y) the set of homotopy classes of continuous maps 
X —> y and by CW the homotopy category of polyhedra. The suspension functor S : 
X i-> X[l] {X[n] = S”X) defines a natural map Hot{X,Y) Hot{X[n],Y[n]). Set 
Hos{X,Y) = lim Hot{X[n\,Y[n]). If a G Hot{X[n\,Y[n]), 13 G Hot{Y[m], Zlm]), the 

n—yoo 

class f3[n] •a[m] G Hot{X[m + n\, Z[m + n]) after stabilization is, by definition, the product 
f3a of the classes of a and (3 in Hos{X, Z). Thus we obtain the stable homotopy category 
of polyhedra CWS. Extending CWS by adding formal negative shifts X[—n\{n G IN) of 
polyhedra and setting Hos{X[—n\,Y[—m]) := Hos{X[m\,Y[n]), one gets the category S 
of [5], which is a fully additive category, and we denote it by CWS too. 

We will say a polyhedron X p-torsion free if all homology groups of X are p-torsion 
free, where p is a prime. Denote by AJ) the full subcategory of CW consisting of (n — 1)- 
connected and at most (n + A:)-dimensional polyhedra, and denote by F^ (resp. ^n(2)) 
the full subcategory of A^ consisting of torsion free (resp. 2-torsion free) polyhedra. The 
suspension gives a functor S : F^ —>■ F^^;^ (resp. S : F^^ 2 ) ^n+i( 2 ))' By the Freudenthal 

Theorem! [T^ Theorem.6.26), it follows that 

Proposition 2.1. If dimX < d and Y is {n — 1)-connected, where d < 2n — 1, then the 
map Hot{X,Y) Hot{X[l],Y[l]) is bijective. If d = 2n — 1, this map is surjective. In 
particular, the map IIot{X[m],Y[m]) —>■ Hos{X,Y) is bijective if m > d — 2n + 1 and 
surjective if m = d — 2n + 1. 

From Proposition 12.11 we get the following 

Proposition 2.2. The suspension functor induces equivalences A^ —> -^n+i 
n > k + 1. Moreover, if n = k + 1, the suspension functor ^n+i ® 

representation equivalence, i.e. it is full, dense and reflects isomorphisms. 

Note. If an additive functor F : C — D is a full representation equivalence, denoted by 

C - T>, then it induces an 1-1 correspondence of indecomposable isomorphic classes 

of objects of these two additive categories. 

Corollary 2.3. Functors S : FJ) ^ ^n+i ^ • ^n( 2 ) ^ ^n+i( 2 ) equivalences of 
categories for n>k + 2 and full representation equivalences for n = k + 1. 
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Therefore := and F^ 2 ) •= ^n( 2 ) n > k + 2 dose not depend on n. 

Let C be an additive category with zero object * and biproducts A(BB for any objects 
A,B £ C, where X £ C means that X is an object of C. X £ C \s decomposable if there 
is an isomorphism X = A (S) B where A and B are not isomorphic to *, otherwise X is 
indecomposable. For example, X £ CW (resp. CWS) is indecomposable if X is homotopy 
equivalent (resp. stable homotopy equivalent ) to Xi V X 2 implies one of Xi and X 2 is 
contractible. A decomposition of X € C is an isomorphism 

X = Ai 0 • • • © An, n < 00 , 

where Ai is indecomposable for i £ {1,2,-■■ ,n}. The classification problem of category 
C is to find a complete list of indecomposable isomorphism types in C and describe the 
possible decompositions of objects in C. 

Theorem 2.4. (Main theorem) The complete list of indecomposable (stable) homo¬ 
topy types in F^^ 2 ) ^ 5) is given by the polyhedra in Theorem 1 6. A the Moore spaces 

M{Z/p^, n), M{Z/p'^,n + 1), M{'L/p^,n + 2), M{Z/p'^,n + 3) where prime p ^ 2, r £ N+ 
and S^, Cr^ = S'^ Urj where rj is the Hopf map. 

3 Techniques 

Definition 3.1. Let A and B be additive categories. U is an ^-,B-bimodule, i.e. a 
biadditive functor x B ^ Ab, the category of abelian groups. We define the bimodule 
category EliU) as follows: 

• the set of objects is the disjoint union [_)j,^^^^^qU{A,B). 

• A morphism a ^ fd, where a £ U{A, B), (3 £ IA{A',B') is a pair of morphisms 
f : A ^ A', g : B ^ B' such that ga = (5f £ U{A,B') (We write ga instead of 
U{l,g)a and 13f instead of U{f,l)f3). 

Obviously EliU) is an (full) additive category if so are A and B. 

Suppose A and B are two full subcategories of CW (or CWS), then we denote by A]B 
the full subcategory of CW (or CWS) consisting of cofibers of maps f : A ^ B, where 
A £ A, B £ B. We also denote by AjniB the full subcategory of A^B consisting of cofibers 
of f : A ^ B such that Hm{f) = 0 and denote by T{A,B) the subgroup of Hos{A,B) 
consisting of maps f : A ^ B such that Hmif) = 0, where A £ A, B £ B. 

Theorem 3.2. Let A and B be two full subcategories of CWS, suppose that Hos {B, A[l]) = 
0 for all A £ A, B £ B. Consider H : A^ x B ^ Ab, i.e. {A,B) 1 —>• Hos{A,B), as an 
A- B-bimodule. Denote by Z the ideal of category A]B consisting of morphisms which 
factor both through B and A[l], and by J the ideal of the category El{H) consisting of 
morphisms {a, 13) ■ f ^ f such that (3 factors through f and a factors through f. Then 

(1) the functor C : El{H) —>■ A\B (f ^ Cf) induces an equivalence El{H)/ J ~ A]B/Z. 

(2) moreover Z^ = 0, hence the projection AjB —> AjBjZ is a representation equiva¬ 
lence. 
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(3) In particular, let n < m < n + k and denote by B the full subcategory o/F^^ 2 )(^ ^ 

k + 1) consisting of all (n— l)-connected polyhedra of dimension at most m and by A 
the full subcategory of {n > k + l) consisting of all {m — 1)-connected polyhedra 
of dimension at most n + fc — 1., then 

El{H)/J A]B/X A]B. 

gives a natural one-to-one correspondence between isomorphic classes of objects of 
El{H)/J andA\B. F^( 2 ) the full subcategory of AjB consisting of 2-torsion free 
polyhedra. 

Proof. (1) and (2) of Theorem 13.21 follow directly from Theorem 1.1. of [8]. It remains to 

show that is a full subcategory of AjB. For any X G ^^ 2 )-’ ^ ~ ^«+2 

{n + 2)-skeleton of X. We get a cofiber sequence B ^ X ^ X/B. Since X/B ~ A[l] 

for some A by Proposition 12.21 there is a cofiber sequence A Xf. B ^ X ^ X/B, i.e. 
X Cf. By the homology exact sequence of cofiber sequence, it is easy to know that 
Ae A, Be B. □ 


The following corollary follows from the Corollary 1.2 of [8]. 

Corollary 3.3. Under conditions of Theorem \3.2\. let Hq be an A-B-subbimodule of H 
such that /ia /2 = 0 whenever a G EI[Hq), fi G Hos{Bi, Ai){i = 1.2). Denote by Aif^^B 
the full subcategory of A^B consisting of cofibers of a £ EI{Hq). Ihq = X[or{A\fj^B) (IZ 
and Jhq = Mor{El{Ho)) n J. Then we have 


(^) '^Ho ~ ^Ho ~ 


P~r 


(2) C : EI{Hq) 
liHn = T -.A^P xB 


> EI{Ho)/Jh, 


c ~ 


B. 






iQ = i : A o ^ Ab, then Ajj^^B = 

Matrix problem Let j?/ be a set of matrices which is closed under finite direct 
sums of matrices and let Q denote the set of admissible transformations on .s/. We say 
A = B in £/ A can be transformed to B by admissible transformations, and we say A is 

Ai' 


decomposable if A = Ai 0 A 2 for nontrivial Ai, A 2 G £/. The block matrices 


0 


and 


( Ai 0) are also thought to be decomposable. The matrix problem or simply , 

means to classify the indecomposable isomorphic classes of (denoted by inds^) under 
admissible transformations Q. Matrix problem {s^,Q) is said to be equivalent to matrix 
problem [s/’,Q') if there is a bijective map g) ^ ^ sZ' such that A = A' in and 
only if (^(A) = g){A') in sZ' and (^(Ai0A2) = (/?(Ai) 0 (/9(A2). It is clear that if two 
matrix problems are equivalent, then there is a one-to-one correspondence between their 
indecomposable isomorphic classes. 


Definition 3.4. Let j?/ be a set of some matrices, is a “product” of two matrices 
defined in may be not the usual matrix product), we say that M £ is invertible 

in if there is a matrix N £ s/ such that M ■ N = N ■ M = I £ si, where 1 is the 
identity matrix. 

In the following context, for a matrix problem tysi, Q), saying a matrix M £ si invert¬ 
ible always means that M is invertible in si. 
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4 The solution of a new matrix problem of the category (n > 5) 


In the following context, the tabulations 



represent the matrices or block 


matrices. For any category C, denote by indC the set of indecomposable isomorphic classes 
of C. 

indF^ is known in [T] and Drozd got a matrix problem corresponding to in [ 8 ]. 
Here we need a new matrix problem for the classification problem of F^. 

When n > 5, denote by Bq the full subcategory of F^(n > 5) consisting of all (n — 
l)-connected polyhedra of dimension at most n + 2 and by the full subcategory of 
F^(n > 5) consisting of all (n + l)-connected polyhedra of dimension at most n + 2. Then 
F^ = Ao\n+ 2 ^o- From [i] we know 


indAo = 5”+3}; indBo = {5”, 5”+^ 5^+^^ e"+2}. 


Now take m = n + 2, we obtain the Aq-Bq subbimodule T of H : 


T-.Aq^xBo^ Ab {A, B) ^ F(A, H), 

where F(A, B) is the subgroup of Hos{A, B) defined on section[3l Take Hq = F in Corollary 
13.31 then /ia /2 = 0 whenever /j € Hos{Bi, Ai) {i = 1,2), a G F(A 2 ,Hi), A, G Aq and 
G Hq. Hence by Corollary 13.31 we have 

C : El{T) El{T)/Jr ^ Aotn+ 2 ^oAr AoU+ 2 ^o- 

Objects of El(T) can be represented by 5 x 2 block matrices {'jij), where block 'jij has 
entries from the {ij)-th cell of Table 1. Morphisms 7 —>■ 7 ^ are given by block matrices 
a = {aij) 2 x 2 , P = {(3ij)5x5, Oij has entries from the (ij)-th cell of Table 2 and /3jj has 
entries from the (ij)-th cell of Table 3. Their sizes are compatible with those of 'jij and 
7 b and /37 = 'y'a. Such a morphism is invertible if and only if a and fd are invertible in 
Hos{Ao,Ao) and Hos{Bo, Bq) respectively. And it is equivalent to say that all diagonal 
blocks of a and [3 are square, and both det{a), det{/3) equal to ±1. Since only entries from 
Z and 2Z give nonzero input to the determinants, they belong indeed to Z. We get the 
corresponding matrix problem of El{T) which denoted by 

r{Ao,Bo) 


Ao 

Sn+2 

gn+3 

gn 

Z/2 

Z/24 


Z/2 

Z/2 


0 

Z/2 

Cri : n 

0 

Z/12 

n +2 

0 

0 


Table 1 
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Hos{Ao,Ao) 



gn+2 

^n+3 

gn+2 

z 

Z/2 

gn+'A 

0 

Z 


Table 2 


Hos{Bo,Bo) 


00 \ 

gn 

^n+1 

gn+2 

Crj : n 

n+2 

gn 

Z 

z/2 

Z/2 

2Z 

0 


0 

Z 

Z/2 

0 

0 

^n+2 

0 

0 

Z 

0 

z 

: n 

z 

0 

Z/2= 

z= 

0 

n+2 

0 

0 

2Z= 

0 

z= 


Table 3 


In Table 3, Hos{Crj, Cn) is identified with the ring 


Z= 0 
0 Z= 


a 0 
0 b 


Hos{S^~^‘^,Cri) is identified with the subgroup 


Z/2 

2Z 


2a 


a = b {mod2) ; 

Z/2=\ 

2Z- ) 

£ G Z/2,a G Z 


which is the image of the following injective map 




T 


2Z / 




e 

2a 


For any / G C^), let 5'”+i \ ^ ^ gn +2 cofiber sequence and 

gn+3 ^n +2 |^g suspension of rj. Then qf = 2ain+2 £ Hos{S^~^‘^, = Z for 


some a G Z, where in +2 ■ 5”"'“^ —)■ is the identity map. Let e 


1, if fr]n+2 A 0 
0, if /r?n+2 = 0 ’ 


T is defined by mapping / to 

In order to make the product of matrices in Table 3 compatible with the composition 
of the corresponding maps, special rule for the matrix product in Table 3 is needed: 
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(1) For (2a O) and 
(2a O) 


2^ 1 respectively in 


Cr, !n,n+2 


gn-\-2 


TL 0 


and 


Cj^ '.n 
n+2 


Z/2= 

2Z= 


1 

2b 

map Z Z/2 


= a in 


gn+2 


gn 


Z/2 


, where a is the image of a under the quotient 


(2) For f g j and (e) respectively in :n 

^ ' n+2 


gr, 


Q 1 in Cr, a 

n+2 


gn+2 


Z 

0 


and 


5-^+2 


Z/2 




Z/2= 

2Z= 


(3) Keep elements in zero blocks being zero. For example, for any (a) and (0 6) 

^n+2 

respectively in ^ and ^,^+2 


Z/2 


S 


+^,(a) (0(,) = (00)in 


S' 


„+2 + ■n,n +2 ^ second element is not ab but 0. 


Z 


Denote by Wx (respectively W^) the x- horizontal (respectively y-vertical) stripe, where 
X E {S^,S^+\ 5"+2, : n,Cr, : n+ 2 }, y E {5”+2,5^+3}, and denote by the block 

corresponding to x- horizontal stripe and y- vertical stripe. Let dim VFj, = the number of 
rows in Wx, dim = the number of columns in . Table 1 represents the matrix set 
. By right multiplication with invertible matrices in Table 2 and left multiplication with 
invertible matrices in Table 3, Table 2 and Table 3 provide admissible transformations 
(see m) for matrices in Tablel, i.e. 


(a) “elementary-row transformations” of Wx consisting of following three types; 


(j-l-ai)-type : The replacement of the j-th row aj of Wx by aj + aui, where Oj 
is the i-th row of Wx , a (z h. 

(ai)-type : The multiplication of the Tth row a* of Wx by a E {±1}. 

(i,j)-type : The transposition of the Tth and j-th row. 


(b) “elementary-column transformations” of W^ which also have three types as for 
elementary-row transformations; 


(Restriction on (a) and (b)) If one performs a (j-l-ai)-type (respectively (ai)-type 
and (i,j)-type) elementary-row transformation of Wc^-.n, then one has to perform the 
(j-l-a'i)-type (respectively (a'i)-type and (i,j)-type) elementary-row transformation 
of Wcr,-.n +2 simultaneously where a = a' {mod2) and vice versa; 

(c) Adding k times of a column of to a column of 

(d) Adding k times of a row of Wgn+i or Wsn+2 to a row of Wg^; 

(e) Adding k times of a row of Wgn+2 to a row of Wgn+i', 

(f) (1) Adding k times of a row of Wgn to a row of Wc^:n', 
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(2) Adding 2k times of of a row of Wc^-.n to a row of Ws-^', 

(g) Adding 6k times of a row of Ws «+2 to a row of Wcr,:n] 
where k is an integer. 

Remark 4.1. When admissible transformations above are performed on block matrix^ = 
(jij), where block 'jij has entries from (ij)-cell of table 1, we should note that 

(1) If (ij)-cell of table 1 is zero, then 'jij keeps being zero after admissible transforma¬ 
tions; 

(2) Adding 1 € Z/2 to an element a € Z/24 gives a + 12 in Z/24, since r?^ is 12 in 
Z/24 = Hos{S^+^,S^). 

(3) The reason for (g) is as follow: in the definition of the injective map IF above, 

for any f G Hos(S^~'~^, C,j), frj = ix for some x G Hos{S^~^^, S^) = If 

qf = 2in+2 S then x = 6 (Proposition 6 (Hi) of JT^). 

From the known fact that 


ind{£/^) = indEl{T) = ind{Ao\n+ 2 ^o) = 

we have 

List (*) : 

(I) X{r]vr]) = 5” V 5”+^ corresponds to 

Sn+3 

^n+2 


n-\-2 


1 


V 

0 


where v G {1,2, 3} C Z/12. 

(II) (1) X{r]r]vr]r]) = S” V Diirjri 'Jiiv+i 2 m corresponds to 

^nH-2 gn-\-3 


Sn 

1 

V 

Sn+l 

0 

1 

6 ^iiv-\-i2ri € 

5^+2 

cor] 

Sn+3 

sn 

1 

V 

Sn+2 

0 

1 


(3) X{r]vr]r]) 


pn y Qn +2 g«'+4 corresponds to 

^n+l 

C TTj • Tl 

n-\-2 


sn+3 

1 

V 

0 












(4) X{r]r]v) = 5" U„ corresponds to 


^n+2 ^n+S 


5 ,, 


1 


( 5 ) X{vr]r]) = 5" V 6*^+^ corresponds to 

^n+3 


^n+1 


1 


(6) X{r]v) = U^, corresponds to 

^n+3 


Cjj '. n 
n+2 


V 

0 


(7) X{vri) = 5” V 5"+2 Ujj^+j277 corresponds to 

^n+3 


gn+2 


1 


where v € {1, 2, 3,4, 5,6} C Z/24 in the cases (1),(2),(4),(5),(7) of (II), and v € 
{1, 2,3,4, 5, 6}cZ/12 in the case (3),(6) of (II). 


(Ill) X{v) = S"^ corresponds to 


where n € {1,2, • • • , 12} C Z/24. 


gn+3 


Sn 


^n+2 


(IV) (1) X{rii) = corresponds to 1 -j 


^n+3 


(2) V( 772 ) = U,j corresponds to gn +2 |-^ 

(3) X{r]r])Q = Ur/rj corresponds to 


^n+2 


sn 


(4) X{r]r])i = \j^j^ corresponds to ^^+1 


^n+3 


1 


For a wedge of spaces VVV, ii : X ^ XVY and 12 ■ X ^ X\/Y above are the canonical 
inclusions . 


Remark 4.2. Indecomposable homotopy types in | A € indAo} and indBo of 

are not contained in List (*). An element A[l] o/{yl[l] | A G indAo] (resp. B ofindBo) 
ean be eonsidered as a mapping cone of map A ^ * (resp. * ^ B) in .Aot„_i_ 2 ' 6 o whieh 
eorresponds to 0 x 1 matrix (resp. 1x0 matrix) in . For a general matrix problem 
{sY,Q), these 0 x 1 and 1 x 0 matriees are regarded as elements in indsY, but will not be 
listed to simplify notation. 
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5 The reduction of the classification problem of F^( 2 ) ^ 5) 

Let Mj^ be the Moore space M{'L/t, k) , t,k =_{!, 2, ■ ■ ■ , 

Take m = n + 2 and two full subcategories A and B of in Theorem 13.21 (3). 

By the results of the indecomposable homotopy types of (n > 3) in [4], we have 

indl = 5^+3, I prime pA^,r€ N+}; 

indB = {5", 5*^+2, e^+2, M" , | prime pA‘^,se N+}. 

Lemma 5.1. 

Hos{MpA‘^, B) = 0 for any B € indB, where prime p 7 ^ 2,3; r € N+; 

Hos{A, Mps) = 0 for any A G indA, where prime p ^ 2,3; s € N+; 

Hos{A,M^+^) = 0 for any A G indA, where prime p f^2;s ^ N+. 

Proof. It follows from the triviality of p-primary component of relevant homotopy groups 
of spheres and the universal coefficients theorem for homotopy groups with coefficients. □ 

For Cf G A]B, where f : A ^ B ,A = G indA, B = VBj, Bj G indB. If 

Ai = MpA"^ (p A 2,3) for some i, then Aj[l] split out of Cj. Similarly if Bj = M^s (p A 2,3) 
or Mps~^^ (p A 2) for some j, then this Bj also split out of Cf. So we get the following 

Lemma 5.2. Let A and B be the full subcategories of A and B respectively, such that 
indA = {5^+2, | r G N+}; 

indB = {5*^, S^+\ S^+^, e"+2, Mg" | s G N+}. 

then 

ind{A^B) = ind{A'\B) U {MpA^, Mpr,M^A^ \ primes p / 2, 3, g / 2; r G N+}. 

By Theorem 13.21 131. 

Corollary 5.3. indF^^ 2 ) = ^ ind{A'\B) \ X is 2-torsion free } U { M"r’^^,M"r, 

M"+i I prime p A prime q A ^ ^ N+}- 

In order to get mfiF^ 2 p h suffices to compute {X G ind{A'\B) \ X is 2-torsion free }. 
Let T : A°p x B ^ Ab, r(A,i?) = {g £ Hos{A,B) \ Hn+ 2 {g) = 0}, defined in section 
El be a sub-bimodule of A-;B-bimodule H : A°^ x B ^ Ab, H{A, B) = Hos{A, B). 

Lemma 5.4. 

{X G ind{A\B) \ X is 2-torsion free} 

= {MpA"^ I prime p A‘^X ^ N+} U { C{f ) is indecomposable \ f G El{T) }. 
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Proof. For integers k,l,t,u,v,w > 0, let 

A{k, 1) := V V Y 5^+3 g Ao; 

k I 

B{t, u, V, w) := \J V V V V 5” V \/ 5”+^ € Bq. 

t U V w 

For any 2-torsion free polyhedra X = Cf € A\B, f G Hos(A,B) where A G A, B G B, 
suppose that 

A = A(k, 1) V Ma, B = B{t, u, V, w) V Mb, 

where Ma (resp. Mb) is a wedge of Moore spaces {M)fr^‘^ \ r G N+} (resp. {M^s \ s G N+} 
). Let 

A{k, 1)'' > A, B B{t,u,v,w) 

be the canonical inclusion and projection of the summands respectively. For 

h ■=PBfjA e Ho.s{ A{k,l), B(t,u,v,w) ), 

by the proof of Theorem 5.5 of [TO], we have the commutable top square in the following 
Diagram 1, where ki + k' = k, ki+t' = t, a and fi are self-homotopy equivalences of A{k, 1) 
and B{t,u,v,w) respectively and the maps 

y Sn +2 gn+ 2 ^ A{k\l) ^ B{t',u,v,w) 

ki ki 


satisfy that 

(i) the mapping cone Ch^ = Vi where G N+ is odd for each i; 

(ii) the composition of maps 

y gn+2 ^y 5^+2 yy Cy 

k' t' u 

is zero, where j and p are canonical inclusion and projection of the summands 
respectively. This is equivalent to the statement that Hn+ 2 {h') = 0. 

Note that Hos{S'^^‘^ ,Mb) = 0 and Hos{Ma, = 0. Hence 

{(3 V lMs)/(a V Ima) = V /' 

such that A{k',l) V Ma B{t',u,v,w) V Mb satisfies Hn+ 2 {f') = 0. It implies that 

X = CfC^CH,yC^, = \lM'^fyCf,, f'GEl{T). 

i 

Since for any / G Bl(r}, C{f) = Cf is 2-torsion free, by the above analysis, we complete 
the proof of Lemma 15.41 
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(V/ci S"+2)VA(fc',/) 


hiVh' 


(Vfci S’'^+^)WB{t',u,v,w) 


A(k,l) ■ 

r\ 

3A 


h P ^ 

■ A{k^l) - B{t,UyVyw) - 


“Vlju. - 


JA 


Pb 


■ B(t,u,v,w) 
"PB 




B 


B 


(V,1 S^+^)W(A(k',1 )wMa) ■ 


hiV/' 


■■>■ (Vfej S"+'^)\/{B(t', u,v,w)\/Mb) 


Diagram 1 


□ 

Take Hq = T in Corollary 13.31 then /ia /2 = 0 whenever fi G Hos{Bi, Ai) {i = 1,2), 
a G r(^ 2 ;-Bi), Ai £ A and Bi G B. Hence by Corollary 13.31 we have 


C : El{T) El{T)/Jr ^ AU+2B/Ir ^^+2^, 

which implies the following 

Corollary 5.5. In Lemma \5.4\ 

{ C{f) is indecomposable \ f G El(r) } = ind{A^n+ 2 ^) — indEl{T). 


In the remainder of this section, we will find the matrix problem corresponding to 

EliT). 

Computing r(H, H) for A G indA, B G indB] Hos{A, A') for A, A' G indA and 
Hos{B,B') for B,B' G indB as in [7]. For example, 

r(5^+2,5"+2) = r(5”+2, Cn) = 0; 

:n+2 n+3 

Hos{M^r~^‘^, M^s) = M^s :n 0 ; 

ra+l 0 0 


Hos{Mp’^,C^)= Cn'.n 

n+1 


:n+2 n+3 

Hos{M^+‘^,M^+^)= M3”++„+2 

n+3 


Z/3'’= 

0 

0 

II 

CO 


:n+2 n+3 


0 

Z/3 

0 

0 


:n+2 n+3 

0 17 +“ 

0 0 


where 


Z/3®= 

0 

0 

II 

CO 



a G Z/3",6 G Z/3’' and 3+ 


3+ in Z. 
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a € Z/3^, S’” ®a G Z/3^ j r > s 
3^ G Z/3*, b G Z/3’’| r < s. 

Now we get the matrix problem (£/, Q) corresponding to El{T) as follows. The objects 
of £^^(r) can be represented by block matrices 7 = (77) with finite order in Table 4 which 
provides the matrix set ^ where block ^ij has entries from the (ij)-th cell of Table 4. 
Morphisms 7 —> 7' are given by block matrices a = (aij) and /3 = {(3ij) from Table 5 and 
Table 6 respectively with proper order, which provide the admissible transformations Q. 



T{A,B) 



^n +2 

^n+3 

‘n-\-2 n+3 

:n+2 n+3 

'.n+2 n+3 


Sn 

Z/2 

Z/24 

CO 

0 

0 z/3 

0 z/3 



Z/2 

Z/2 

0 0 

0 0 

0 0 



0 

Z/2 

0 0 

0 0 

0 0 


C'q ‘n 
n +2 

0 

0 

Z/12 

0 

0 0 

CO 

0 0 

CO 

0 0 

CO 


Mg” :n 
n+l 

0 

0 

Z/3 

0 

0 Zl‘i 

0 0 

CO 

0 0 

0 Lj? 

0 0 


Mg”^ :n 
n+l 

0 

0 

CO 

0 'Ll?, 

0 0 

0 z/3 

0 0 

0 0 

CO 


Mg ”3 :n 
n+l 

0 

0 

CO 

0 0 

CO 

0 0 

CO 

0 0 

CO 










Table 4 


Hos{A, A) 


Hi 

^n +2 

^n+3 

\n-\-2 n+3 

:n+2 n+3 

■ 

In+2 n+3 


gn+Z 


Z/2 

0 0 

0 0 


0 0 


5 H +3 

0 


0 z/3 



0 z/3'' 



z/3 

0 

0 

0 

Z/3= 0 

0 Z/3= 

Z/3= 0 

0 Z/32= 

■ 

Z/3= 0 

0 Z/3''= 



m 

0 

0 

Z/32= 0 

0 Z/3= 

Z/32= 0 

0 Z/32= 

■ 

Z/32= 0 

0 Z/3''= 











LI?'' 

0 

0 

0 

Z/3''= 0 

0 Z/3= 

Z/3’'= 0 

0 Z/32= 

■ 

Z/3’'= 0 

0 Z/3''= 











Table 5 
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Hos{B,B) 



S" 


S"+2 

C'q '.n 

n+2 

M^-.n 

n+1 

M+:n 

32 

n+1 

■ 

M^r-n 

n+1 


S" 

z 

Z/2 

Z/2 

2Z 

0 

0 

0 

0 

0 

B 

0 

0 


S«+1 

0 

Z 

Z/2 

0 

0 

0 

0 

0 

0 


0 

0 


S«+2 

0 

0 

z 

0 

z 

0 

0 

0 

0 

B 

0 

0 


Crj ‘.Tl 

z 

0 

Z/2= 


0 

0 

0 

0 

0 

■ 

0 

0 


n+2 

0 

0 

2Z= 

0 


0 

0 

0 

0 

■ 

0 

0 


M^:n 

Z/3 

0 

0 

Z/3 

0 

Z/3= 

0 

Z/3= 

0 

■ 

Z/3= 

0 


n+1 

0 

0 

0 

0 

0 

0 

Z/3= 

0 

Z/32= 

■ 

0 

Z/3’’= 


M'l'.n 

32 

z /32 

0 

0 

z /32 

0 

Z/32= 

0 

Z/32= 

0 

■ 

Z/3^= 

0 


n+1 

0 

0 

0 

0 

0 

0 

Z/3= 

0 

Z/32= 

■ 

0 

Z/3’’= 












M^r 

zjy 

0 

0 

zjy 

0 

Z/3"'= 

0 

Z/3’’= 

0 

■ 

Z/3’’= 

0 


n+1 

0 

0 

0 

0 

0 

0 

Z/3= 

0 

Z/32= 

■ 

0 

Z/3’’= 













Table 6 


It is well known 

ind^/ = indEl{T) 

We eliminate the zero stripes :n +2 and M^s '-n+i of matrices in to simplify 

the matrix problem {£/,G) to the following equivalent matrix problem 

T'{A,B) 



^n+2 

^n +3 


Ml+ 

M3+2 


Sn 

Z/2 

Z/24 

'Ll?, 

LI? 

LI? 


^n+1 

Z/2 

Z/2 

0 

0 

0 


^n+2 

0 

Z/2 

0 

0 

0 


Crj -Ti 
n+2 

0 

0 

Z/12 

0 

CO 

LI? 

0 

CO 


M3" 

0 

Z/3 

LI? 

LI? 

LI? 



0 

Z/3 

LI? 

LI? 

LI? 


M ,^3 

0 

Z/3 

LI? 

LI? 

LI? 










Table 7 
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Hos’iA, A) 



Sn+2 

^n-l-3 

M3”+2 



M^+2 



z 

Z/2 

0 

0 


0 



0 

Z 

Z/3 

Ll?'^ 


Ll?^ 



0 

0 

'Ll?, 

0 


0 


~M^ 

0 

0 

LI? 

Ll?'^ 


0 











0 

0 

LI? 

Ll?'^ 


L!?^ 











Table 8 





gn 

^n+1 

^n+2 

Cjj ;n 

n+2 

MS 

MS, 


M;P. 


gn 

L 

z /2 

z /2 

2Z 

0 

0 

0 


0 



0 

Z 

Z/2 

0 

0 

0 

0 


0 


^n+2 

0 

0 

Z 

0 

z 

0 

0 


0 


Crj '■'n. 

Z 

0 

Z/2= 

z= 

0 

0 

0 


0 


n+2 

0 

0 

2Z= 

0 

z= 

0 

0 


0 


MS 

z/3 

0 

0 

z/3 

0 

z/3 

z/3 


z/3 



Z/3^ 

0 

0 

Z/3^ 

0 

0 

Z/3^ 


Z/3^ 












MSr 

Z/3” 

0 

0 

Z/3” 

0 

0 

0 


Z/3” 



Table 9 

In the above tables, represents the ;n+3-vertical stripe and M^s represents 

the M^s :n-horizontal stripe. Table 7 provides the matrix set £/'; Table 8 and Table 9 
provide the (non-trivial) admissible transformations Q' : 

Q'^l : “elementary-row (column)” transformations of each horizontal (vertical) stripe . 

GL ■■ 

(i) 

(ii) +"i < r G N+ 

GL ■■ 

(i) 11^5 n+2 < Wgn+l < Ilsn 

(ii) Ws^ < Ihc',,:n < Wm^s ; 'i 2Ihc'^:n < W for any s G N+ 
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(iii) 6Wsri+2 < Wc^.^ 

Remark 5.6. 

(1) Wx < Wy means that adding k times of a row of Wx to a row of Wy is admissible 
and aWx < Wy (a G N +) means adding ak times of a row of Wx to a row of Wy is 
admissible where k is an any nonzero integer. W^ < W^ has the similar meaning 
for corresponding vertical stripes. 

(2) Similarly, zero blocks in Table 7 should keep being zero after admissible transforma¬ 
tions. Adding 1 G Z/2 to an element a G Z/24 gives a + 12 in 'LI2A,. 

(3) Special rules of matrix product in Table 3 are also needed for matrix product in 
Table 9. 

6 Computation of inds^' for matrix problem 

In this section we solve the matrix problem to get ind^/', then we get the 

zn(iF^^2) by ind^/'. 

6.1 j9-primary component of matrix problem p = 2,3 

Let V{A,B)(^ 2 ) be the 2-primary component of that means we replace Z/24 

by Z/8, Z/12 by Z/4 and Z/3 by 0 in Table 7. Similarly, T'{A,B)(^^-j is the 3-primary 
component of T'{A,B), that means we replace Z/24 by Z/3, Z/12 by Z/3 and Z/2 by 0 
in Table 7. 

Then we get the following two matrix problems {■s/^ 2 ) > (i/^3) , Q') with admissible 

transformations also provided by Table 8 and Table 9. 

r'(A^)(2) 


\ .4 

^n-l-2 


M3+^ 



Sn 

Z/2 

Z/8 

0 

0 



Z/2 

Z/2 

0 

0 



0 

Z/2 

0 

0 



0 

Z/4 

0 

0 


n+2 

0 

0 

0 

0 



0 

0 

0 

0 



0 

0 

0 

0 









Table 10 

The list of non-trivial admissible transformations on T'{A,B)( 2 ) is : 
el : “elementary-row (column)” transformations of each horizontal (vertical) stripe ; 

CO : ; 
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ro : Ws'^ < Wc^-,n ; 2Wcr,-.n < ^ 5 " ; ‘iWsr ^+2 < Wcr,-.n ■ 


r'(AS)(3) 



gn+2 

^n-l-3 

MS^"^ 

MS^‘^ 

MS^"^ 


gn 

0 

Z/3 

LI? 

LI? 

LI? 


gn+1 

0 

0 

0 

0 

0 


gn+2 

0 

0 

0 

0 

0 


Crj -Ti 
n+2 

0 

0 

CO 

CO 

LI? 

0 

CO 


MS 

0 

z/3 

LI? 

LI? 

LI? 


MS, 

0 

Z/3 

LI? 

LI? 

LI? 


MS, 

0 

Z/3 

LI? 

LI? 

LI? 










Table 11 

The list of non-trivial admissible transformations on r'(^, ;6)(3) is : 
el : “elementary-row (column)” transformations of each horizontal (vertical) stripe. 

CO : for any r G N+ 

ro : Ws'^ < Wcr,:n < Wm^s 'i < Wm" ; 21Tc^:n < Ws^ for any s G N+. 

Let A(-2)(3) be the subset of r'(^, ;B)(2) x r'(^, ;B)(3) which consists of (M2, M3) such 
that for every x G indA, y G indB, the two blocks ITj' respectively in matrixes M2 and 
M3 have the same order. Define the map 

t\a,b) A(2)(3 ) c r'(A^)(2) x r'(^,^)(3). 

L is given by the following ring isomorphisms 

Z/24Z/8 X Z/3 , li-^(l,l); 

1.112 ^^1.1 Ax'Ll?, , li-^(l,l). 

The inverse map T of L 

A(2)(3) Ar'(A^) 

is given by the following two ring isomorphisms 

Z/8xZ/3^Z/24 , (a, 6) 9a-b 166; 

Z/4 X Z/3 Z/12 , (a, 6) i-7> 9a + 46. 

which are the inverse of L24 and L12 respectively. 
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It’s easy to know that if M = in matrix problem then L2{M) = L2{N) 

and L-i{M) = L3{N) in matrix problem respectively. We don’t 

know whether the inverse is true. However, in the following we will show that the inverse 
will be true if we take some restrictions to the admissible transformations on ^{ 2 ) and =^( 3 )- 


Some notations : 


(1) Let Hos'{A,A){yi,y 2 -,--- iVn) (resp. Hos'{B,B){xi,X 2 , - ■ ■ ,Xm)) be the set of all 
square matrices in the Hos'{A, A) (resp. Hos'{B, B)) with only yi,y 2 , • • • , yn-stripes 
(resp. xi,X2,-" ,a;m-stripes ). 

Especially, we denote V = Hos'{B,B){S^,S'^~^^,S'^~^‘^,Cri : n) (note that there is no 
Cr) ;n+2-stripe). And we call the sub-matrix which contains entries in S^, 

^71+2, ;n-stripes of M G Hos'{B,B) “V-part of M”. 

(2) Let I be the identity matrix and Eij be the matrix whose unique non-zero entry 
has index (i,j) and equals 1. Then the (i-l-aj)-type of elementary row (column) 
transformations corresponds to left (right) multiplication by an elementary matrix 
I + aEij (/ -|- aEji), and (—li)-type of elementary row (column) transformations 
corresponds to left (right) multiplication by an elementary matrix I — 2Eii. Note 
that the (i,j)-type of transformations can be obtained by composition of (i-l-aj)-type 
and (—li)-type of elementary transformations. 


Let A'’“ be the subset consists of invertible matrices a = 


Ui 

U2 

0 

U4 


Let B 
where 


be the subset consists of invertible matrices /3 = 


Vi 

0 

Vs 

V4 


El = 


Ell 

Ei 2 

Ei 3 

2Ei4 

0 

0 

E22 

E23 

0 

0 

0 

0 

E33 

0 

0 

E41 

0 

E43 

E44 

0 

0 

0 

0 

0 

E55 


which is an element in 


in Hos'{A^A)^ 


in Hos'{B,B), 


Hos'{B,B){S^,S^^\S^^^,Cr^ :n,C^: n+2) 


z 

Z/2 

z /2 

2Z 

0 

0 

z 

Z/2 

0 

0 

0 

0 

Z 

0 

z 

z 

0 

Z/2= 

z= 

0 

0 

0 

2Z= 

0 

z= 


such that the V-part Wi 


matrices I + aEij, i A j- 


Ell 

Ei2 

Ei3 

2Ei4 

0 

E22 

E23 

0 

0 

0 

E33 

0 

E41 

0 

E43 

E44 


is a product of elementary 
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Denoting by Q'^ the admissible transformations provided by A"*" and B + on r'(A,0)(2) 
and r'(A, 0)(3), we get two new matrix problems and 

The differences between and • The list of non-trivial admis¬ 

sible transformations of matrix problem , Q'~^) is the same as that of matrix problem 
(<2) ^Q') except that (-li)-type of elementary transformations are not allowed, and (i,j)- 
type should be replaced by (i, -j)-type or (-i,j)-type, which means when we transport two 

rows (columns) of a stripe, one row (column) a of them is replaced by —a. 

The differences between and : The list of non-trivial admis¬ 
sible transformations of matrix problem is the same as that of matrix problem 

except that (-li)-type of elementary transformations on the Ws^ and 

Wc^:n are not allowed; (i,j)-type elementary transformations on , Ws^ and Wc^:n 

should be replaced by (i,-j)-type or (-i,j)-type. 

Theorem 6.1. If M^ 2 ) — ^( 2 ) matrix problem i^{2) , G'~^ ) and M( 3 ) = A( 3 ) in matrix 
problem , then r(M(2),M(3)) = T(A(2), A(3)) in matrix problem 

Proof. By the condition of the Theorem, we get that /?2-/bf(2)a2 = -^(2)) /^3-Tf(3)a3 = iV(3) 
where 021 as £ A"*" and (32, k £ B''“. Let 


) as — 


where Ui,U[ G i/os'(A, A)(5"+2, 5^+3) . 


) /3s — 

where Tl,V7 G Hos'{B,B){S^, ,Cri : n,Cri : n+ 2 ). V-part of hi and V{ are 

denoted by VLi and W[ respectively. 

Lemma 6.2. For any 

Ui,U[ G Hos'{A,A){S^+‘^,S^+^) = 


and 


hLi,hLi' G V = 


where Ui, U[, Wi and W[ are products of elementary matrices I + aEij {i ^ j, a G 
Z), orders ofUi, U[ (respectively orders of Wi, W[) are the same, there exist invertible 
matrices 

U G Hos'{A, A){S^+‘^, S^+^) , IT G V 


z 

Z/2 

z /2 

2Z 

0 

Z 

Z/2 

0 

0 

0 

Z 

0 

z 

0 

Z/2 

z 


z 

z /2 

0 

Z 


Vi 

0 

Vi 

Vi 


/32 = 


Vi 

0 

V^ 

h4 


a2 = 


Ui 

U 2 

0 

Ua 


u[ 

U '2 

0 

Ui 
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such that 


j U = Ui {mod 8) (W = Wi {mod 8) 

{u = U[ {mod 3 ) \ VF = W; {mod 3 ) ' 

Note. For any abelian group A, a,b G A, and positive integer k, a = b {mod k) means 
that the image of a and b are equal under the quotient homomorphism A AjkA. 

We give some remarks before the proof of this lemma. 

Using W and U in Lemma 16.21 let 


.n-j-2 


w 

0 

0 

V 55 


where V55 is an invertible matrix that makes V be an element in 
IIos'{I3,5){S^,S^+\S^+^,C^ :n,Cr,: n+ 2 ). And let 


u 

^2 

0 

U', 


V 

0 

n 

K 


Then a and j 3 are invertible and /3M(2)a = /?2Tf(2)a2 = -^(2)) /3Af(3)0 = /53-^(3)a3 = -^(3)- 
Since ^r(M(2), M(3))a = T{l 3 M^ 2 )a, = r(A^(2), iV(3)). Thus : 


T(M(2),M(3)) = T{N^2),]^{3)) in matrix problem {s/'.Q'). 


□ 


The proof of Lemma [AH 

Statement ( 1 ). For any A,Bg SLn{'L), there is a C G SLn{’L), such that 

C = A {mod 8) and C = B {mod 3 ). 

The statement(l) follows from the following two conclusions in | 11 ] : 

SLn{T>) 5 Ln(Z/ 24 ) is surjective; 

5 L„(Z/ 24 ) S'Lyi(Z/8) x SLn{Tj/‘ 3 i) is isomorphic, 

where q,qi,q2 are quotient maps. 


Statement { 2 ). Suppose that 


/I 


A — I aEij — 


\ 

ttij 


/I 


B — I + bEst — 


i^ j, a gZ\ 
s ^ t,b gZ j 


\ 


1 / 
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V 


1 / 



















are any two elementary matrices in V (resp. Hos'{A, ) of the same order, 

then there is an invertible block matrix C in V (resp. IIos'(A, A)(S^~^^, such that 

C = A {mod 8),C = B {mod 3). 

The proof of statement(2). We only prove the case for A,B since the remaining case 
is much more easier. 

Note if aij (resp. bst) is from Z or 2Z block, then = a (resp. bgt = b); aij (resp. 
bst) is from Z/2 block, then (resp. bst) is the image of a (resp. b) under the quotient 
map Z —?■ Z/2. 

• If bst is from Z/2 block, then bst = 0 {mod 3). For Ojj from Z/2 block, take 
C = A. For Uij from Z or 2Z block, there is a c G Z, such that c = a {mod 8) and 
c = 0 {mod 3). Take C = I + cEij. 

• If bst is from Z or 2Z block, 

(i) iAtovjAs 

there is a d G Z such that d = 0 {mod 8) and d = b {mod 3). 

If aij is from Z/2 block, take integer c such that c = a {mod 2); 

If atj is from Z or 2Z block, take integer c such that c = a {mod 8) and 
c = 0 {mod 3). Then take C = I + cEtj + dEst = {I + cEij){I + dEst) which 
is invertible in V. 

(ii) i = t and j = s 

In this case aij must come from Z or 2Z block. Suppose i > j. By statement 
(I), there is a matrix 

X = ( ^ g 5L2(Z) such that 

\X21 X22 J 

{mod 8) and X = ^ J {mod 3). 

Take 

C = I - {1- Xii)Ejj - (1 - X22)Eii + Xi2Eji + X2lEij. 

Note that Xi 2 G 2Z and if a G 2Z then X21 G 2Z, so C is an element in V. It is 
easy to check that C is invertible in V and C = A {mod 8), C = B {mod 3). 
The proof of the case i < j is similar. 



Now the proof of the Lemma 16.21 is easily obtained by statement (2). 


□ 

□ 
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6.2 The indecomposable isomorphic classes of (= 2 /^ 2 )’ ^ 

(■«^(3).e'+) 

Note that the matrix problem {^^ 2 ) ’ essentially the same as the 2-primary 

component of the matrix problem Q^). Thus we can get the list (denoted by List(**)) 
of the indecomposable isomorphic classes of (<2) ,Q') from the List(*) by taking v to its 
image of the quotient map ^ 'Lj^ or 'LjVl ^ ^LjA:. It means List(**) are just the 
same as the List(*) except that the ranges of v are different . That is 

• V G {1} C TLjA for the case (I); 

• u G {1,2} C Z/8 for the case (1),(2),(4),(5),(7) of (II) ; 


• u G {1,2} C Z/4 for the case (3),(6) of (II) ; 


• V £ {1,2,3,4} C Z/8 for the case (III) . 


From the The differences between (=^(2)> Q'~^) and know that M G 

r'(^, B)( 2 ) is indecomposable in if and only if it is indecomposable in 

But non-isomorphic matrices of [£^^^yQ'~^) may be isomorphic in [s^^^yQ'). 


For example, 


S"+3 


^n+3 



and 


1 


-1 


phic under Q', are not isomorphic under Q'^. 


(where 1, -1 G Z/8 ), which are isomor- 


Here are the list of the indecomposable isomorphic classes of 

List(2) : 


(I) 


gn+2 
C'q ITl 

n+2 


Sn + 3 

0 


gn+2 ^n+3 gn+2 ^n+3 


(II) (1) 5" 

1 

V 

; (2) s" 

1 

V 

gn+l 

0 

1 

Sr^ + 2 

0 

1 


gn+3 ^n+3 


(5) 5" 

V 

; ( 7 ) S" 

V 

gn+l 

1 

S«+2 

1 


( 4 ) 


S" 


^n+2 ^ri+3 

i I ~ 


where v G {1,2,3} C Z/8 for the cases (1),(2),(4),(5),(7). 


( 3 ) 


Sn+2 
Crj ‘.Tl 

n-\-2 


Sn + 3 


1 


5^+3 

5 (6) C-q'-Bi 

V 

V 

0 

nH-2 

0 




where v G {1,2,3} C Z/4 for the cases (3) (6). 


22 












Sn+3 


where u G {1, 2, • • • , 7} C Z/ 8 . 


(Ill) 


(IV) (1) ; (2) 


gn +3 




( 3 ) 


Sn + 2 


; ( 4 ) 


5^+3 


gn + 1 


by 


For the matrix problem (<3) the indecomposable isomorphic classes are given 


List(3) : 


sn+3 


Sn+3 


gn 


1 



sn + 3 

Crj.n 
n+2 


1 

0 


sn + 3 


Crj •‘H 
n+2 


-1 

0 



sn+3 




mi +2 

M 3 ", 

1 


1 

’ 5" 

1 


Cjj m 

n+2 


M 3+2 

1 

0 


where 1, —1 G Z/3 and s,n G N+. 


6.3 The indecomposable isomorphic classes of Q') and 

By theorem l6.11 for any M G r'(^, B), we have M = T(A^ 2 ) -^ 3 ) in matrix problem {£/', G') 
for some N 2 G r'(^, ;S)( 2 ) and G T'{A,B)^^^, where 


N 2 = ©"2 002. N 2 is an indecomposable matrix listed in the List(2) for every i. 
i 

N3 = 0W'0O3, Ni is an indecomposable matrix listed in the List(3) for every j. 
j 

O 2 and O 3 are direct products of some zero matrices. 

Since N 3 is a matrix of which every row and every column have at most one nonzero 
entry, it enables us to select from T(iV 2 ,iV 3 ) a set of indecomposable matrices as follows 
which covers all the indecomposable isomorphic classes of matrix problem {£/',G'). 


(I) 


gn -\-2 

Cr] :n 
n+2 


^n+2 


c, 


77 • 
n+2 


Ml 


sn+3 


1 


T^a, b) 
0 


sn+3 


1 


74(1,0) 

0 


1 



^n +3 

M3+2 

Sn +2 

1 

0 

C'q ‘.n 

74(1,0) 

1 

n+2 

0 

0 


5 ,n +3 

M3+2 

sn +2 

1 

0 

Cr) '71 

74(1,0) 

1 

n+2 

0 

0 


1 

0 
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where (a, b) G Z/4 x Z/3 such that a € {0,1} and (a, b) ^ (0,0) . s, r G N+. 



(5) 


(6) 



24 



























(7) 



S”+3 


S”+3 

M ”+2 

S” 

Ts{a,b) 

; S” 

73 ( 0 , 0 ) 

1 

sn+2 

1 

^n +2 

1 

0 


sn+3 


S”+3 

M3”+2 

S” 

Ts{a,0) 

S” 

73 ( 0 , 0 ) 

1 

sn+2 

1 

5 ^n+2 

1 

0 

M 3 ” 

1 

M 3 ” 

1 

0 


where (a, b) G Z /8 x 'Ll?, such that a G {0,1, 2, 3} C Z /8 and (a, h) / (0, 0) for 
Tg; (a, 6 ) G Z/4 x Z/3 such that a G {0,1,2,3} C Z/4 and (a, 6 ) ^ (0,0) for 
T^. s,r £ N+. 


(Ill) 


Sn+3 


S'"+3 iliJ+2 


Sn+3 


5" r8(a,6) ’ I r8(a,0) I 1 




'78(0,0) 


1 


S'” 

M4 


where (a, 6 ) G Z /8 x Z/3 such that (a, 6 ) 7 ^ (0,0). s,r G N_| 

^n+2 


(IV) (1) 

Sn+l 

(2) 

sn+2 

(3) 

S” [ 

(4) 

Sn+1 


S”+3 


S”+3 


S”+" 


^n+2 


^n+2 

M3”+2 

1 

’ S” 

1 

1 


S”+3 


S”+3 


S”+1 


sn+3 




78 ( 0 , 0 ) 

1 

1 

0 


where r, s G N+. 


Through a detailed check by admissible transformations of matrix problem 
it follows the following 


Theorem 6.3. All indecomposable isomorphic classes of {£/', Q') are given by the follow¬ 
ing list 


(I) 


gn -\-2 

C-q In 
n+2 


sn+3 


Sn+2 
Crj -n 
n+2 

M” 


X{gvg) 

sn+3 


1 


X{g?g)s 



sn +3 


^n+2 

1 

0 

:n 

3 

1 

n+2 

0 

0 


X{g3gY 
s "+3 473"+^ 


sn+2 

1 

0 

Crj *17 

3 

1 

n+2 

0 

0 

M3” 

1 

0 


X{g3gY 
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where v G {1,2, 3} C 'LjVl. 



^n+2 

sn+3 

gn 

1 

V 

{II) (1) ^”+1 

0 

1 


X ( 7777117777 ) 

^n+2 


gn 

1 

Vi 

gn+l 

0 

1 

M^s 

0 

1 


X{r]r]viriri)s 


^n+2 

sn+3 

gn 

1 

V 

^n+2 

0 

1 


X ( 77771777 ) 


^n+2 

sn+3 

gn 

1 

Vl 

^n+2 

0 

1 

M3". 

0 

1 


X (777717177)5 


Sn+3 

gn+l 1 

/ql -TT- V 


X{r]vr]r]) 



X{r]Viriri)s 



^n+2 

S'"+3 


gn 

1 

17l 

1 

gn+l 

0 

1 

0 


X {ijTjvirjr])^ 


^n+2 

gn+3 


gn 

1 

171 

1 

gn+l 

0 

1 

0 

M 3 ". 

0 

1 

0 


X{r]r]Vi'n'n)l 


^n+2 

sn+3 

M3"+2 

gn 

1 

Vl 

1 

^n+2 

0 

1 

0 


^(77 7717177)" 


Sn+2 

^n+3 

M3"+2 

gn 

1 

171 

1 

gn-\-2 

0 

1 

0 

M 3 ". 

0 

1 

0 


X{r]r]Vir])l 



gn+3 


gn+l 

1 

0 

Crj '.n 

V\ 

1 

n+2 

0 

0 


X{riviri'qY 


^n+2 

1 

0 

Cr) ■fT' 

Vl 

1 

n+2 

0 

0 

M3". 

1 

0 


X{vviVvYs 



^n+2 ^n+3 


^n+2 

sn+3 

M+^ 

S'" 

1 V 

S" 

1 

Vl 

1 


X (77771;) XijjrjViY 



^n+2 

S"+3 


^n+2 

S"+3 


S" 

1 

^7l 

gn 

1 

^7l 

1 

M 3 ". 

0 

1 

; M 3 ". 

0 

1 

0 


X{'qr]Vi)s 


X{t]T]ViYs 
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(5) S'”+i 1 


X(vr]rf) 

gn+Z 


X{vir]ri)s 


X{r]v) 

Sn+3 


X{r]Vi)s 


(7) S'”+2 1 


X{vr/) 

Sn+3 


X{vir])s 




Vl 

1 

1 

0 



X{vir]r]Y 

gn+s ]^n+2 

Vl 1 

I 0 

1 0 


xivivvYs 
5'"+^ M3"+^ 



Vl 

1 

0 

0 

xivviY 

gn+S 

M3”+2 

Vl 

1 

0 

0 

1 

0 


xivviYs 


gn+S J^n+2 



S” 

n 

1 

^n+2 

1 

0 




^n+3 

M”+2 

gn 

n 

1 

^n+2 

1 

0 

Mg” 

1 

0 


xivivYs 


where v G {1,2,3,4,5,6} C Z/24 or Z/12 , vi G {3,6} C Z/24 or Z/12 
and r, s G N+. 


^„+3 ^„+3 j^n+2 

5” I 7 I . S'” I I 1 


S”+3 M”+2 


Vl 

1 

1 

0 


A-(.,). A(„.); 

where r G {1,2, • • • , 12} C Z/24 and ri G (3,6, 9} C Z/24. r, s G N+. 


m (1) 


^n+2 

S”+i I 1 
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( 2 ) 


Sn+2 


1 


x{m) 

SU+2 


(3) 


(4) 


1 


^(w)o 


S'"+i 


1 


X{r)r))i 


gn-\-2 

MZ 


1 


X{V2) 

sn+2 


S" 


1 




X{r]r])l 


Sn+3 


gn+l 

Mo", 


x{m) 


Is 


where r,s ^ N+. 

It is easy to recover the polyhedra from the matrices listed in Theorem 16.31 For 
example, 

5"+2 

Crj 'n 
n+2 
M 3 ", 

xiv^vYs 

represents the cone of the map V —>■ y Crj'V M^s corresponding to the 

matrix. Since 




1 

0 

3 

1 

0 

0 

1 

0 


V V Mg” = (5”+2 V 5” V S”) Ui,r^ e”+2 u^^gs e”+^ , 

we get that the polyhedron corresponding to this matrix is 

(^n+2 V 5” V S” V 5”+3) u,,,, e”+2 u,3g. e”+i Ui3i+,,3^ e”+^ , 

where it : Xt ^ Vj is the canonical inclusion of the summand. 

Finally, from Corollary 15.31 Lemma 15.41 and Corollary 15.51 we obtain all the 2-torsion 
free indecomposable homotopy types of A'\B, which completes the proof of Theorem 12.41 
(Main theorem). 

7 Concluding remarks 

In this paper, using the well known results about homotopy classes of maps between 
Moore spaces and suspended complex projective space and their compositions, we succeed 
in classifying indecomposable ^n{ 2 ) polyhedra. However the corresponding classification 
problems for the cases '^^{ 2 ) ^n( 2 ) ^i'iii We hope to return to this issue in the 

future publication. On the other hand, from the previous remark, it is crucial to under¬ 
stand globally a collection of spaces as a subcategory of homotopy category of spaces.We 
will focus on this point in the future works. 
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